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n
n n
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p

6
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x1; : : : ; xn

2x1 " x2 C 1:5x3 D 8

x1 " 4x3 D "7



.s1; s2; : : : ; sn/
s1; : : : ; sn x1; : : : ; xn

.5; 6:5; 3/
x1; x2; x3 8 D 8 "7 D "7

x1 " 2x2 D "1

"x1 C 3x2 D 3

`1 `2

.x1; x2/ .x1; x2/
`1 `2 .3; 2/

2

3

x2

x1

l1

l2

x1 " 2x2 D "1

"x1 C 2x2 D 3

x1 " 2x2 D "1

"x1 C 2x2 D 1

2
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x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

"4x1 C 5x2 C 9x3 D "9

2
4

1 "2 1
0 2 "8

"4 5 9

3
5

2
4

1 "2 1 0
0 2 "8 8

"4 5 9 "9

3
5

0 ! x1 C 2x2 " 8x3 D 8

3 # 4 m
n m ! n m

n

x1

x1 x2
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x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

"4x1 C 5x2 C 9x3 D "9

2
4

1 "2 1 0
0 2 "8 8

"4 5 9 "9

3
5

x1

4 ! Œ !W
C Œ !W

Œ !W

4x1 " 8x2 C 4x3 D 0

"4x1 C 5x2 C 9x3 D "9

" 3x2 C 13x3 D "9

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

" 3x2 C 13x3 D "9

2
4

1 "2 1 0
0 2 "8 8
0 "3 13 "9

3
5

1=2 x2

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

" 3x2 C 13x3 D "9

2
4

1 "2 1 0
0 1 "4 4
0 "3 13 "9

3
5

x2 "3x2

3 ! Œ !W
C Œ !W

!W

3x2 " 12x3 D 12

"3x2 C 13x3 D "9

x3 D 3

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D 3

2
4

1 "2 1 0
0 1 "4 4
0 0 1 3

3
5

"2x2

x3 "4x3 Cx3

4 ! Œ !W
C Œ !W

Œ !W

4x3 D 12

x2 " 4x3 D 4

x2 D 16

"1 ! Œ !W
C Œ !W

Œ !W

" x3 D "3

x1 " 2x2 C x3 D 0

x1 " 2x2 D "3



x1 " 2x2 D "3

x2 D 16

x3 D 3

2
4

1 "2 0 "3
0 1 0 16
0 0 1 3

3
5

x3 x2

"2x2

x3 x3

8̂
<
:̂

x1 D 29

x2 D 16

x3 D 3

2
4

1 0 0 29
0 1 0 16
0 0 1 3

3
5

.29; 16; 3/
.29; 16; 3/

.29/ " 2.16/ C .3/ D 29 " 32 C 3 D 0

2.16/ " 8.3/ D 32 " 24 D 8

"4.29/ C 5.16/ C 9.3/ D "116 C 80 C 27 D "9

.29; 16; 3/

(29, 16, 3)

.29; 16; 3/
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c
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x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

"4x1 C 5x2 C 9x3 D "9

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D 3

2
4
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0 1 "4 4
0 0 1 3

3
5

x3 x3

x2 x1

x2 x3



x1

x2 " 4x3 D 8

2x1 " 3x2 C 2x3 D 1

5x1 " 8x2 C 7x3 D 1

2
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0 1 "4 8
2 "3 2 1
5 "8 7 1

3
5

x1

2
4

2 "3 2 1
0 1 "4 8
5 "8 7 1

3
5

5x1 "5=2

2
4

2 "3 2 1
0 1 "4 8
0 "1=2 2 "3=2

3
5

x2 ".1=2/x2

1=2

2
4

2 "3 2 1
0 1 "4 8
0 0 0 5=2

3
5

2x1 " 3x2 C 2x3 D 1

x2 " 4x3 D 8

0 D 5=2

0 D 5=2 0x1 C 0x2 C 0x3 D 5=2
x1; x2; x3

0 D 5=2



˙:d1 ! ! ! dp # 10r r p

1=3

x1 C 4x2 " 2x3 C 8x4 D 12

x2 " 7x3 C 2x4 D "4

5x3 " x4 D 7

x3 C 3x4 D "5

x1 " 3x2 C 5x3 " 2x4 D 0

x2 C 8x3 D "4

2x3 D 3

x4 D 1

2
4

1 5 2 "6
0 4 "7 2
0 0 5 0

3
5

.3; 4; "2/

5x1 " x2 C 2x3 D 7

"2x1 C 6x2 C 9x3 D 0

"7x1 C 5x2 " 3x3 D "7

h k

2x1 " x2 D h

"6x1 C 3x2 D k



x1 C 5x2 D 7

"2x1 " 7x2 D "5

3x1 C 6x2 D "3

5x1 C 7x2 D 10

.x1; x2/ x1 C 2x2 D 4
x1 " x2 D 1

x1 – x2 = 1

x1 + 2x2 = 4

x2

x1

x1 C 2x2 D "13
3x1 " 2x2 D 1

2
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1 "4 "3 0 7
0 1 4 0 6
0 0 1 0 2
0 0 0 1 "5

3
775

2
664

1 "6 4 0 "1
0 2 "7 0 4
0 0 1 2 "3
0 0 4 1 2

3
775

2
664

1 7 3 "4
0 1 "1 3
0 0 0 1
0 0 1 "2

3
775

2
664

1 "5 4 0 0
0 1 0 1 0
0 0 3 0 0
0 0 0 2 0

3
775

2
664

1 "1 0 0 "5
0 1 "2 0 "7
0 0 1 "3 2
0 0 0 1 4

3
775

2
664

1 3 0 "2 "7
0 1 0 3 6
0 0 1 0 2
0 0 0 1 "2

3
775

x2 C 5x3 D "4

x1 C 4x2 C 3x3 D "2

2x1 C 7x2 C x3 D "2

x1 " 5x2 C 4x3 D "3

2x1 " 7x2 C 3x3 D "2

"2x1 C x2 C 7x3 D "1

x1 " 3x3 D 8

2x1 C 2x2 C 9x3 D 7

x2 C 5x3 D "2

2x1 " 6x3 D "8

x2 C 2x3 D 3

3x1 C 6x2 " 2x3 D "4

x1 " 6x2 D 5

x2 " 4x3 C x4 D 0

"x1 C 6x2 C x3 C 5x4 D 3

"x2 C 5x3 C 4x4 D 0

2x1 " 4x4 D "10

3x2 C 3x3 D 0

x3 C 4x4 D "1

"3x1 C 2x2 C 3x3 C x4 D 5

2x1 C 3x2 D "1 6x1 C 5x2 D 0
2x1 " 5x2 D 7

2x1 C 4x2 C 4x3 D 4 x2 " 2x3 D "2
2x1 C 3x2 D 0
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2x1 C 4x2 D f
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d
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2
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3 "1 6

3
5

2
4

3 "1 6
1 3 "5
0 "2 5

3
5

2
4

1 3 "4
0 "2 6
0 "5 10

3
5

2
4

1 3 "4
0 "2 6
0 1 "2

3
5

2
4

1 "2 1 0
0 5 "2 8
4 "1 3 "6

3
5

2
4

1 "2 1 0
0 5 "2 8
0 7 "1 "6

3
5

2
4

1 2 "5 0
0 1 "3 "2
0 4 "12 7

3
5

2
4

1 2 "5 0
0 1 "3 "2
0 0 0 15

3
5

T1; : : : ; T4

T1 D .10 C 20 C T2 C T4/=4; 4T1 " T2 " T4 D 30

10°

10°

40°

40°

20° 20°
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1 2

4 3

T1; : : : ; T4

3
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x4

x4 x4

1=2 x3

x1 C 5x2 C 2x3 D "6

4x2 " 7x3 D 2

5x3 D 0

x3 D 0 x3

x3

x2 x1

x1 D 3 x2 D 4
x3 D "2

5.3/ " .4/ C 2."2/ D 15 " 4 " 4 D 7

"2.3/ C 6.4/ C 9."2/ D "6 C 24 " 18 D 0

"7.3/ C 5.4/ " 3."2/ D "21 C 20 C 6 D 5

.3; 4; "2/

(3, 4, –2)

.3; 4; "2/

.3; 4; "2/

2x1 " x2 D h

0 D k C 3h

k C 3h
h k k C 3h D 0



2
4

2 "3 2 1
0 1 "4 8
0 0 0 5=2

3
5

2
4

1 0 0 29
0 1 0 16
0 0 1 3

3
5

$
2
664

$ $ $
0 $ $
0 0 0 0
0 0 0 0

3
775;

2
66664

0 $ $ $ $ $ $ $ $
0 0 0 $ $ $ $ $ $
0 0 0 0 $ $ $ $ $
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0 0 0 0 0 0 0 0 $

3
77775

2
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1 0 $ $
0 1 $ $
0 0 0 0
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3
775;

2
66664

0 1 $ 0 0 0 $ $ 0 $
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0 0 0 0 0 0 0 0 1 $

3
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A A
A A

A
A

A D

2
664

0 "3 "6 4 9
"1 "2 "1 3 1
"2 "3 0 3 "1

1 4 5 "9 "7

3
775

2
664

1 ! 4 5 "9 "7
"1 "2 "1 3 1
"2 "3 0 3 "1

0

"

"3 "6 4 9

3
775

2
664

1 4 5 "9 "7
0 2 ! 4 "6 "6
0 5 10 "15 "15
0 "3

"

"6 4 9

3
775



"5=2 3=22
664

1 4 5 "9 "7
0 2 4 "6 "6
0 0 0 0 0
0 0 0 "5 0

3
775

2
664

1 4 5 "9 "7
0 2 4 "6 "6
0 0 0 "5! 0
0

" " "

0 0 0 0

3
775

2
664

$ $ $ $
0 $ $ $
0 0 0 $
0 0 0 0 0

3
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A

A D

2
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!

!

"3 "6 4 9
"1 "2 "1 3 1
"2 "3 0 3 "1

1
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4 5 "9 "7

3
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0 3 "6 6 4 "5
3 "7 8 "5 8 9
3 "9 12 "9 6 15

3
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0 3 "6 6 4 "5
3 "7 8 "5 8 9
3

"
"9 12 "9 6 15

3
5

2
4

3!"9 12 "9 6 15
3 "7 8 "5 8 9
0 3 "6 6 4 "5

3
5

"1

2
4

3!"9 12 "9 6 15
0 2 "4 4 2 "6
0 3 "6 6 4 "5

3
5

2
4

3 "9 12 "9 6 15
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"
"6 6 4 "5

3
5

"3=2

2
4

3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 4

3
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2
4

3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 ! 4

3
5

2
4

3 "9 12 "9 0 "9
0 2 "4 4 0 "14
0 0 0 0 1 4

3
5

! C ."6/ !
! C ."2/ !

2
4

3 "9 12 "9 0 "9
0 1 "2 2 0 "7
0 0 0 0 1 4

3
5 ! 1

2

2
4

3 0 "6 9 0 "72
0 1 "2 2 0 "7
0 0 0 0 1 4

3
5

! C .9/ !

2
4

1 0 "2 3 0 "24
0 1 "2 2 0 "7
0 0 0 0 1 4

3
5

! 1
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2
4

1 0 "5 1
0 1 1 4
0 0 0 0

3
5

x1 " 5x3 D 1

x2 C x3 D 4

0 D 0

x1 x2

x3

x1

x2 8̂
<
:̂

x1 D 1 C 5x3

x2 D 4 " x3

x3

x3 x3

x1 x2

x3 D 0 .1; 4; 0/ x3 D 1 .6; 3; 1/
x3

x3

2
4

1 6 2 "5 "2 "4
0 0 2 "8 "1 3
0 0 0 0 1 7

3
5

% 2
4

1 6 2 "5 "2 "4
0 0 2 "8 "1 3
0 0 0 0 1 7

3
5 %

2
4

1 6 2 "5 0 10
0 0 2 "8 0 10
0 0 0 0 1 7

3
5

%

2
4

1 6 2 "5 0 10
0 0 1 "4 0 5
0 0 0 0 1 7

3
5 %

2
4

1 6 0 3 0 0
0 0 1 "4 0 5
0 0 0 0 1 7

3
5



x1 C 6x2 C 3x4 D 0

x3 " 4x4 D 5

x5 D 7

x1 x3

x5 x2 x4

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

x1 D "6x2 " 3x4

x2

x3 D 5 C 4x4

x4

x5 D 7

x5

x1 C 5x2 D 21

x2 C x3 D 4

x2 x1 x3 x2

x1 " 7x2 C 2x3 " 5x4 C 8x5 D 10

x2 " 3x3 C 3x4 C x5 D "5

x4 " x5 D 4

x4

x5 x4 x2

x2 x4 x1



C; "; $; =
n # .n C 1/

2n3=3 C n2=2 " 7n=6
2n3=3 n n & 30/

n2

3x2 " 6x3 C 6x4 C 4x5 D "5

3x1 " 7x2 C 8x3 " 5x4 C 8x5 D 9

3x1 " 9x2 C 12x3 " 9x4 C 6x5 D 15

2
4

3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 4

3
5

x1 x2 x5 x3 x4

0 D 1

x3 x4

0 D b
b



Œ 0 ! ! ! 0 b ! b

#
1 "3 "5 0
0 1 1 3

$

x1 " 2x2 " x3 C 3x4 D 0

"2x1 C 4x2 C 5x3 " 5x4 D 3

3x1 " 6x2 " 6x3 C 8x4 D 2

2
4

1 0 0 0
0 1 0 0
0 0 1 1

3
5

2
4

1 0 1 0
0 1 1 0
0 0 0 1

3
5

2
664

1 0 0 0
0 1 1 0
0 0 0 0
0 0 0 1

3
775

2
664

1 1 0 1 1
0 2 0 2 2
0 0 0 3 3
0 0 0 0 4

3
775



2
4

1 0 1 1
0 1 1 1
0 0 0 0

3
5

2
4

1 0 0 0
0 2 0 0
0 0 1 1

3
5

2
664

0 0 0 0
1 2 0 0
0 0 1 0
0 0 0 1

3
775

2
664

0 1 1 1 1
0 0 1 1 1
0 0 0 0 1
0 0 0 0 0

3
775

2
4

1 2 4 8
2 4 6 8
3 6 9 12

3
5

2
4

1 2 4 5
2 4 5 4
4 5 4 2

3
5

2 # 2
$

3 # 2

#
1 3 4 7
3 9 7 6

$ #
1 "3 0 "5

"3 7 0 9

$

#
0 1 "2 3
1 "3 4 "6

$ #
1 "2 "1 4

"2 4 "5 6

$

2
4

3 "2 4 0
9 "6 12 0
6 "4 8 0

3
5

2
664

1 0 "9 0 4
0 1 3 0 "1
0 0 0 1 "7
0 0 0 0 1

3
775

2
664

1 "3 0 "1 0 "2
0 1 0 0 "4 1
0 0 0 1 9 4
0 0 0 0 0 0

3
775

2
664

1 0 "5 0 "8 3
0 1 4 "1 0 6
0 0 0 0 1 0
0 0 0 0 0 0

3
775

2
4

$ $ $
0 $ $
0 0 0 0

3
5

2
4

0 $ $ $
0 0 $ $
0 0 0 0

3
5

2
4

$ $
0 $
0 0

3
5

2
4

$ $ $ $
0 0 $ $
0 0 0 $

3
5

h

#
1 "1 4

"2 3 h

$ #
1 "3 1
h 6 "2

$

h k

x1 C hx2 D 2

4x1 C 8x2 D k

x1 " 3x2 D 1

2x1 C hx2 D k

Œ 0 0 0 5 0 !

3 # 5

4



3 # 5

n # .n C 1/

n D 20 n D 200

WEB

p.t/ D a0 C a1t C a2t
2

.1; 6/ .2; 15/ .3; 28/ a0 a1

a2

a0 C a1.1/ C a2.1/2 D 6

a0 C a1.2/ C a2.2/2 D 15

a0 C a1.3/ C a2.3/2 D 28

p.t/ D a0 C a1t C a2t
2 C a3t

3 C a4t
4 C

a5t
5

5

#
1 0 "2 9
0 1 1 3

$
x1 " 2x3 D 9

x2 C x3 D 3

x1 x2

8̂
<
:̂

x1 D 9 C 2x3

x2 D 3 " x3

x3

8̂
<
:̂

x1 D 9 C 2x3

x2 D 3 " x3

x3 D 3 " x2

x2 x3



2
4

1 "2 "1 3 0
"2 4 5 "5 3

3 "6 "6 8 2

3
5 %

2
4

1 "2 "1 3 0
0 0 3 1 3
0 0 "3 "1 2

3
5

%

2
4

1 "2 "1 3 0
0 0 3 1 3
0 0 0 0 5

3
5

R2

D
#

3
"1

$
; D

#
:2
:3

$
; D

#
w1

w2

$

w1 w2

R2 R

R2#
4
7

$ #
7
4

$
R2

R2 C

#
1

"2

$
C

#
2
5

$
D

#
1 C 2

"2 C 5

$
D

#
3
3

$

c c c
c

D
#

3
"1

$
c D 5; c D 5

#
3

"1

$
D

#
15
"5

$



c c

D
#

1
"2

$
D

#
2

"5

$
4 ."3/ 4 C ."3/

4 D
#

4
"8

$
; ."3/ D

#
"6
15

$

4 C ."3/ D
#

4
"8

$
C

#
"6
15

$
D

#
"2

7

$

#
3

"1

$
.3; "1/

.3; "1/ 1 # 2
%

3 "1
&

#
3

"1

$
¤

%
3 "1

&

R2

.a; b/#
a
b

$
R2

x2

x1

(2, 2)

(3, –1)(–2, –1)

x2

x1

(2, 2)

(3, –1)(–2, –1)

#
3

"1

$

.0; 0/ .3; "1/



R2 C

v

u

x2

x1

u

v

u + v

0

D
#

2
2

$
D

#
"6

1

$
C D

#
"4

3

$

x2

x1

u

v

u + v

2–6

3

.0; 0/

D
#

3
"1

$
2 " 2

3

2 D
#

6
"2

$
" 2

3
D

#
"2

2=3

$

2
" 2

3
c jcj

x2

x1

u

x2

x1

u

0u

2u

u

The set of all multiples of uTypical multiples of u

2
3

– –



.0; 0/ .a; b/p
a2 C b2

R3

R3 3 # 1

2a

a

x2x1

x3

D

2
4

2
3
4

3
5 2

Rn

n Rn

n n n # 1

D

2
6664

u1

u2

:::
un

3
7775

Rn

Rn R2

Rn

; ; Rn c d

C D C c. C / D c C c

. C / C D C . C / .c C d/ D c C d

C D C D c.d / D .cd/. /

C ." / D " C D 1 D
" ."1/

C ."1/ "
" "

1; 2; : : : ; p Rn c1; c2; : : : ; cp

x1

x2

v

u

–v

u – v

D c1 1 C ! ! ! C cp p

1; : : : ; p c1; : : : ; cp



1 2p
3 1 C 2; 1

2 1 .D 1
2 1 C 0 2/; .D 0 1 C 0 2/

1 D
#

"1
1

$

2 D
#

2
1

$

1 2 1 2

3v2

2v22v1

–2v1–2v2

v1 – v2 –2v1 + v2

3v1

v1

–v1–v2

w
u

v2

v1 + v2 3v2

3
2–

0

1 2

3 1 "2 2

D 3 1 " 2 2

1 3 1

" 2 2

.5=2/ 1 ."1=2/ 2

v1

w

–v2

2v1

3v1

0

D 5
2 1 " 1

2 2

1 D

2
4

1
"2
"5

3
5

2 D

2
4

2
5
6

3
5 D

2
4

7
4

"3

3
5

1 2

x1 x2

x1 1 C x2 2 D

x1

2
4

1
"2
"5

3
5

"
1

C x2

2
4

2
5
6

3
5

"
2

D

2
4

7
4

"3

3
5

"



2
4

x1

"2x1

"5x1

3
5 C

2
4

2x2

5x2

6x2

3
5 D

2
4

7
4

"3

3
5

2
4

x1 C 2x2

"2x1 C 5x2

"5x1 C 6x2

3
5 D

2
4

7
4

"3

3
5

x1 x2

x1 x2

x1 C 2x2 D 7

"2x1 C 5x2 D 4

"5x1 C 6x2 D "3

2
4

1 2 7
"2 5 4
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ŷ1 = projection onto u1

f 1; : : : ; pg p



R2 R3

y

u

f 1; : : : ; pg W
f 1; : : : ; pg

W
f 1; : : : ; ng

Rn f 1; : : : ; ng

f 1; 2; 3g R3

1 D

2
64

3=
p

11

1=
p

11

1=
p

11

3
75; 2 D

2
64

#1=
p

6

2=
p

6

1=
p

6

3
75; 3 D

2
64

#1=
p

66

#4=
p

66

7=
p

66

3
75

1 ! 2 D #3=
p

66 C 2=
p

66 C 1=
p

66 D 0

1 ! 3 D #3=
p

726 # 4=
p

726 C 7=
p

726 D 0

2 ! 3 D 1=
p

396 # 8=
p

396 C 7=
p

396 D 0

f 1; 2; 3g

1 ! 1 D 9=11 C 1=11 C 1=11 D 1

2 ! 2 D 1=6 C 4=6 C 1=6 D 1

3 ! 3 D 1=66 C 16=66 C 49=66 D 1

1 2 3 f 1; 2; 3g
R3

x1
x2

x3

v1
v2

v3



m ! n U U TU D I

U
Rm U D Œ 1 2 3 !

U TU D

2
64

T
1
T
2
T
3

3
75%

1 2 3

&
D

2
64

T
1 1

T
1 2

T
1 3

T
2 1

T
2 2

T
2 3

T
3 1

T
3 2

T
3 3

3
75

U

T
1 2 D T

2 1 D 0; T
1 3 D T

3 1 D 0; T
2 3 D T

3 2 D 0

U

T
1 1 D 1; T

2 2 D 1; T
3 3 D 1

U m ! n Rn

kU k D k k
.U /!.U / D !
.U /! .U / D 0 ! D 0

7! U

U D

2
64

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
75 D

! p
2
3

"
U

U TU D
!

1=
p

2 1=
p

2 0
2=3 #2=3 1=3

" 2
4

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
5 D

!
1 0
0 1

"

kU k D k k



U D

2
4

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
5

! p
2
3

"
D

2
4

3
#1

1

3
5

kU k D
p

9 C 1 C 1 D
p

11

k k D
p

2 C 9 D
p

11

U U !1 D U T

U D

2
64

3=
p

11 #1=
p

6 #1=
p

66

1=
p

11 2=
p

6 #4=
p

66

1=
p

11 1=
p

6 7=
p

66

3
75

1 D
!

#1=
p

5

2=
p

5

"
2 D

!
2=

p
5

1=
p

5

"
f 1; 2g

R2

L O
L D

!
2
1

"

U D
!

#3
p

2
6

"
U !U D !

2
4

#1
4

#3

3
5

2
4

5
2
1

3
5

2
4

3
#4
#7

3
5

2
4

1
#2

1

3
5

2
4

0
1
2

3
5

2
4

#5
#2

1

3
5

2
4

2
#7
#1

3
5

2
4

#6
#3

9

3
5

2
4

3
1

#1

3
5

2
4

2
#5
#3

3
5

2
4

0
0
0

3
5

2
4

4
#2

6

3
5

2
664

3
#2

1
3

3
775

2
664

#1
3

#3
4

3
775

2
664

3
8
7
0

3
775

2
664

5
#4

0
3

3
775

2
664

#4
1

#3
8

3
775

2
664

3
3
5

#1

3
775

f 1; 2g f 1; 2; 3g
R2 R3

1 D
!

2
#3

"
2 D

!
6
4

"
D

!
9

#7

"



1 D
!

3
1

"
2 D

!
#2

6

"
D

!
#6

3

"

1 D

2
4

1
0
1

3
5

2 D

2
4

#1
4
1

3
5

3 D

2
4

2
1

#2

3
5 D

2
4

8
#4
#3

3
5

1 D

2
4

3
#3

0

3
5

2 D

2
4

2
2

#1

3
5

3 D

2
4

1
1
4

3
5 D

2
4

5
#3

1

3
5

!
1
7

"

!
#4

2

"

!
1

#1

"

!
#1

3

"

D
!

2
3

"
D

!
4

#7

"

f g

D
!

2
6

"
D

!
7
1

"

f g

D
!

3
1

"
D

!
8
6

"

D
!

#3
9

"
D

!
1
2

"

2
4

1=3
1=3
1=3

3
5

2
4

#1=2
0

1=2

3
5

2
4

0
1
0

3
5

2
4

0
#1

0

3
5

!
#:6

:8

" !
:8
:6

" 2
4

#2=3
1=3
2=3

3
5

2
4

1=3
2=3
0

3
5

2
4

1=
p

10

3=
p

20

3=
p

20

3
5

2
4

3=
p

10

#1=
p

20

#1=
p

20

3
5

2
4

0

#1=
p

2

1=
p

2

3
5

2
4

1=
p

18

4=
p

18

1=
p

18

3
5

2
4

1=
p

2
0

#1=
p

2

3
5

2
4

#2=3
1=3

#2=3

3
5

Rn

Rn

L O
L kOk L

Rn

S D f 1; : : : ; pg i ! j D 0
i ¤ j S

m ! n A
7! A

c c ¤ 0

kU k2

W Rn n
W D Rn

U
U

U n ! n
U Rn

U V n ! n
UV UV

.UV /T

U V
U V

L R2

L O
O

c
c

O
f 1; 2g

c1 c2 fc1 1; c2 2g

¤ Rn L D f g
7! L

¤ Rn L D f g Rn

L L



L D 2! L #

L

O D L O # 7! L

x1

x2 y

u

ŷ
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ŷ

||y – v||ˆ

||y – y||ˆ

W W



1 D

2
4

2
5

#1

3
5

2 D

2
4

#2
1
1

3
5 D

2
4

1
2
3

3
5 W D f 1; 2g

W

O D ! 1

1 ! 1
1 C ! 2

2 ! 2
2 D

2
4

#2=5
2

1=5

3
5

Rn W
W W D f 1; 2g

D

2
4

#1
#5
10

3
5; 1 D

2
4

5
#2

1

3
5; 2 D

2
4

1
2

#1

3
5

W k # Ok
O D W f 1; 2g W

O D 15

30
1 C #21

6
2 D 1

2

2
4

5
#2

1

3
5 # 7

2

2
4

1
2

#1

3
5 D

2
4

#1
#8

4

3
5

# O D

2
4

#1
#5
10

3
5 #

2
4

#1
#8

4

3
5 D

2
4

0
3
6

3
5

k # Ok2 D 32 C 62 D 45

W
p

45 D 3
p

5

W

W

f 1; : : : ; pg W Rn

W D . ! 1/ 1 C . ! 2/ 2 C " " " C . ! p/ p

U D Œ 1 2 " " " p !

W D U U T Rn

W U ! 1

! 2; : : : ; ! p
T
1 ; T

2 ; : : : ; T
p

U T

U n ! p WWEB
U

U TU D Ip D Rp

U U T D W Rn

U n ! n U
W Rn U U T D I D Rn

i /



1 D

2
4

#7
1
4

3
5

2 D

2
4

#1
1

#2

3
5 D

2
4

#9
1
6

3
5 W D f 1; 2g

1 2 W

f 1; : : : ; 4g
R4

1 D

2
664

0
1

#4
#1

3
775 2 D

2
664

3
5
1
1

3
775 3 D

2
664

1
0
1

#4

3
775 4 D

2
664

5
#3
#1

1

3
775

D

2
664

10
#8

2
0

3
775

f 1; 2; 3g f 4g

1 D

2
664

1
2
1
1

3
775 2 D

2
664

#2
1

#1
1

3
775 3 D

2
664

1
1

#2
#1

3
775 4 D

2
664

#1
1
1

#2

3
775

D

2
664

4
5

#3
3

3
775

f 1g f 2; 3; 4g

f 1; 2g
f 1; 2g

D

2
4

#1
4
3

3
5

1 D

2
4

1
1
0

3
5

2 D

2
4

#1
1
0

3
5

D

2
4

6
3

#2

3
5

1 D

2
4

3
4
0

3
5

2 D

2
4

#4
3
0

3
5

D

2
4

#1
2
6

3
5

1 D

2
4

3
#1

2

3
5

2 D

2
4

1
#1
#2

3
5

D

2
4

6
4
1

3
5

1 D

2
4

#4
#1

1

3
5

2 D

2
4

0
1
1

3
5

W
W W

D

2
4

1
3
5

3
5

1 D

2
4

1
3

#2

3
5

2 D

2
4

5
1
4

3
5

D

2
4

#1
4
3

3
5

1 D

2
4

1
1
1

3
5

2 D

2
4

#1
3

#2

3
5

D

2
664

4
3
3

#1

3
775 1 D

2
664

1
1
0
1

3
775 2 D

2
664

#1
3
1

#2

3
775 3 D

2
664

#1
0
1
1

3
775

D

2
664

3
4
5
6

3
775 1 D

2
664

1
1
0

#1

3
775 2 D

2
664

1
0
1
1

3
775 3 D

2
664

0
#1

1
#1

3
775

W 1 2

D

2
664

3
1
5
1

3
775 1 D

2
664

3
1

#1
1

3
775 2 D

2
664

1
#1

1
#1

3
775

D

2
664

3
#1

1
13

3
775 1 D

2
664

1
#2
#1

2

3
775 2 D

2
664

#4
1
0
3

3
775

c1 1 C c2 2

D

2
664

3
#7

2
3

3
775 1 D

2
664

2
#1
#3

1

3
775 2 D

2
664

1
1
0

#1

3
775

D

2
664

2
4
0

#1

3
775 1 D

2
664

2
0

#1
#3

3
775 2 D

2
664

5
#2

4
2

3
775

D

2
4

5
#9

5

3
5

1 D

2
4

#3
#5

1

3
5

2 D

2
4

#3
2
1

3
5

R3
1 2

1 2

R4
1 2

D

2
4

4
8
1

3
5

1 D

2
4

2=3
1=3
2=3

3
5

2 D

2
4

#2=3
2=3
1=3

3
5

W D f 1; 2g



U D Œ 1 2 ! U TU U U T

W .U U T /

D
!

7
9

"
1 D

!
1=

p
10

#3=
p

10

"
W D f 1g

U 2 ! 1 1

U TU U U T

W .U U T /

1 D

2
4

1
1

#2

3
5

2 D

2
4

5
#1

2

3
5

3 D

2
4

0
0
1

3
5

1 2 3 1

2 3 W

1 2

R3
1 2

1 2 4 D

2
4

0
1
0

3
5

4 W 1

2 R3

1 2

Rn

1 2 W D
f 1; 2g W ?

W # W

W

O W
W

O
W

W

n ! p U
U U T

U

W Rn W W ?

O
W

D 1 C 2 1 W 2

W ?
1

W

W # W

n ! p U
U U T D Rn

A m ! n Rn

D C A
A A D

A
A D

W Rn

f 1; : : : ; pg f 1; : : : ; qg
W ?

f 1; : : : ; p; 1; : : : ; qg

Rn

W C W ? D n

U 8 ! 4
D .1; 1; 1; 1; 1; 1; 1; 1/ U

U
D .1; 1; 1; 1; #1; #1; #1; #1/ U

W D ! 1

1 ! 1
1 C ! 2

2 ! 2
2 D 88

66
1 C #2

6
2

D 4

3

2
4

#7
1
4

3
5 # 1

3

2
4

#1
1

#2

3
5 D

2
4

#9
1
6

3
5 D

1 2 W
W



Rn

W D f 1; 2g 1 D

2
4

3
6
0

3
5

2 D

2
4

1
2
2

3
5

x1

x2

x2

v2

x3

W

v1 = x1

p

0

f 1; 2g

f 1; 2g W

W 1 2

2 1 2 1 2 # W

2 1 1 D 1

2 D 2 # D 2 # 2 ! 1

1 ! 1
1 D

2
4

1
2
2

3
5 # 15

45

2
4

3
6
0

3
5 D

2
4

0
0
2

3
5

f 1; 2g W W D 2
f 1; 2g W

1 D

2
664

1
1
1
1

3
775 2 D

2
664

0
1
1
1

3
775 3 D

2
664

0
0
1
1

3
775 f 1; 2; 3g

W R4

W

1 D 1 W1 D f 1g D f 1g
2 2

W1

2 D 2 # W1 2

D 2 # 2 ! 1

1 ! 1
1 1 D 1

D

2
664

0
1
1
1

3
775 # 3

4

2
664

1
1
1
1

3
775 D

2
664

#3=4
1=4
1=4
1=4

3
775

2 2 1 f 1; 2g
W2 1 2

0
2 2

f 1; 2g

1 D

2
664

1
1
1
1

3
775; 0

2 D

2
664

#3
1
1
1

3
775



3 3

W2 f 1; 0
2g W2

W2 3 D

3 1

!

3 ! 1

1 ! 1
1 C

3
0
2

!

3 ! 0
2

0
2 ! 0

2

0
2 D 2

4

2
664

1
1
1
1

3
775 C 2

12

2
664

#3
1
1
1

3
775 D

2
664

0
2=3
2=3
2=3

3
775

3 3 W2

3 D 3 # W2 3 D

2
664

0
0
1
1

3
775 #

2
664

0
2=3
2=3
2=3

3
775 D

2
664

0
#2=3

1=3
1=3

3
775

3 W 3

W2 3 W f 1; 0
2; 3g

W W

f 1; 0
2; 3g W

projW2
x3

x3v3

v1
0

v'2

W2 = Span{v1, v'2}

3 3

W2

f 1; : : : ; pg W Rn

1 D 1

2 D 2 # 2 ! 1

1 ! 1
1

3 D 3 # 3 ! 1

1 ! 1
1 # 3 ! 2

2 ! 2
2

:::

p D p # p ! 1

1 ! 1
1 # p ! 2

2 ! 2
2 # " " " # p ! p!1

p!1 ! p!1
p!1

f 1; : : : ; pg W

f 1; : : : ; kg D f 1; : : : ; kg 1 % k % p



1 % k % p Wk D f 1; : : : ; kg 1 D 1 f 1g D
f 1g k < p 1; : : : ; k

f 1; : : : ; kg Wk

kC1 D kC1 # Wk kC1

kC1 Wk

Wk kC1 Wk WkC1 kC1 WkC1 kC1

WkC1 kC1 ¤
kC1 Wk D f 1; : : : ; kg f 1; : : : ; kC1g

.k C 1/ WkC1

WkC1 WkC1 D f 1; : : : ; kC1g
k C 1 D p

W Rn

f 1; : : : ; pg

W

f 1; : : : ; pg
k

k

1 D

2
4

3
6
0

3
5; 2 D

2
4

0
0
2

3
5

1 D 1

k 1k 1 D 1p
45

2
4

3
6
0

3
5 D

2
4

1=
p

5

2=
p

5
0

3
5

2 D 1

k 2k 2 D

2
4

0
0
1

3
5

m ! n A 1; : : : ; nWEB
1; : : : ; n A



A m ! n A
A D Q m ! n

A R n ! n

A f 1; : : : ; ng A
f 1; : : : ; ng W D A

Q D Œ 1 2 " " " n !

k D 1; : : : ; n; k f 1; : : : ; kg D f 1; : : : ; kg
r1k; : : : ; rkk

k D r1k 1 C " " " C rkk k C 0! kC1 C " " " C 0! n

rkk $ 0 rkk < 0 rkk k #1

k Q

k D

2
66666664

r1k

:::
rkk

0
:::
0

3
77777775

k D Q k k D 1; : : : ; n R D Œ 1 " " " n !

A D Œ 1 " " " n ! D Œ Q 1 " " " Q n ! D
R A

R

A D

2
664

1 0 0
1 1 0
1 1 1
1 1 1

3
775

A 1 2 3

A D f 1; 2; 3g

1 D

2
664

1
1
1
1

3
775; 0

2 D

2
664

#3
1
1
1

3
775; 3 D

2
664

0
#2=3

1=3
1=3

3
775

3
0
3 D 3 3

1 2 3 Q

Q D

2
6664

1=2 #3=
p

12 0

1=2 1=
p

12 #2=
p

6

1=2 1=
p

12 1=
p

6

1=2 1=
p

12 1=
p

6

3
7775



k Q f 1; : : : ; kg
A D R R QTQ D I

Q

QTA D QT . / D IR D R

R D

2
4

1=2 1=2 1=2 1=2

#3=
p

12 1=
p

12 1=
p

12 1=
p

12

0 #2=
p

6 1=
p

6 1=
p

6

3
5

2
664

1 0 0
1 1 0
1 1 1
1 1 1

3
775

D

2
4

2 3=2 1

0 3=
p

12 2=
p

12

0 0 2=
p

6

3
5

k j k
T
j k

A
A A

A

W D f 1; 2g 1 D

2
4

1
1
1

3
5

2 D

2
4

1=3
1=3

#2=3

3
5

W

W
W

2
4

3
0

#1

3
5

2
4

8
5

#6

3
5

2
4

0
4
2

3
5

2
4

5
6

#7

3
5

2
4

2
#5

1

3
5

2
4

4
#1

2

3
5

2
4

3
#4

5

3
5

2
4

#3
14
#7

3
5

2
664

1
#4

0
1

3
775

2
664

7
#7
#4

1

3
775

2
664

3
#1

2
#1

3
775

2
664

#5
9

#9
3

3
775



2
664

3 #5 1
1 1 1

#1 5 #2
3 #7 8

3
775

2
664

#1 6 6
3 #8 3
1 #2 6
1 #4 #3

3
775

2
66664

1 2 5
#1 1 #4
#1 4 #3

1 #4 7
1 2 1

3
77775

2
66664

1 3 5
#1 #3 1

0 2 3
1 5 2
1 5 8

3
77775

Q
A

R A D QR

A D

2
664

5 9
1 7

#3 #5
1 5

3
775 Q D

2
664

5=6 #1=6
1=6 5=6

#3=6 1=6
1=6 3=6

3
775

A D

2
664

#2 3
5 7
2 #2
4 6

3
775 Q D

2
664

#2=7 5=7
5=7 2=7
2=7 #4=7
4=7 2=7

3
775

Rn

f 1; 2; 3g W

3 c
f 1; 2; c 3g

f 1; : : : ; pg f 1; : : : ; pg
k 1; : : : ; k

1; : : : ; k

A D QR Q
R D QTA

W D f 1; 2; 3g f 1; 2; 3g
f 1; 2; 3g W

f 1; 2; 3g W

W # W

A D QR A
Q

A

A D QR Q m ! n R n ! n
A R

R D
A D QR

A D QR R
A Q
A D Q Q

D A

A D QR
m ! m Q1 n ! n

R

A D Q1

!
R
0

"

qr
A D n

1; : : : ; p W
Rn T W Rn ! Rn T . / D W

T

A D QR m ! n
A A

ŒA1 A2! A1 p
A1

A D

2
66664

#10 13 7 #11
2 1 #5 3

#6 3 13 #3
16 #16 #2 5
2 1 #5 #7

3
77775

1; : : : ; p

A D Œ 1 " " " xp ! Q
n ! k

Wk k A
Rn QQT Wk

kC1

A

kC1 D kC1 # Q.QT
kC1/

kC1 D kC1=k kC1k Q
Œ Q kC1 !

WEB



1 D 1 D

2
4

1
1
1

3
5

2 D 2 # 2 ! 1

1 ! 1
1 D 2 # 0 1 D 2 f 1; 2g

1 D 1

k 1k 1 D 1p
3

2
4

1
1
1

3
5 D

2
4

1=
p

3

1=
p

3

1=
p

3

3
5

2
0
2 D 3 2

2 D 1

k 0
2k

0
2 D 1p

12 C 12 C .#2/2

2
4

1
1

#2

3
5 D

2
4

1=
p

6

1=
p

6

#2=
p

6

3
5

f 1; 2g W

A D

A
A A

k # A k
k # A k

k # A k

A m ! n Rm A D O Rn

k # AOk % k # A k
Rn

A A
A A

A A

Ax̂

Ax

Ax

Col A

b

0

AO
A



A
A

O D A

O A A D O
O Rn

AO D O
O A O A D

O O Rn O
A

x̂

!n

0

A

subspace of !m

bb – Ax̂

b = Ax̂ˆ

Col A

O Rn

O AO D O
O # O A # AO

A j A j !. # AO/ D 0
T
j . # AO/ D 0 T

j AT

AT . # AO/ D

AT # ATAO D
ATAO D AT

A D

ATA D AT

A D O

A D
ATA D AT

O O
ATAO D AT O # AO



AT A A
A # AO A

D AO C . # AO/

A
A AO

A AO D O O

A D

A D

2
4

4 0
0 2
1 1

3
5; D

2
4

2
0

11

3
5

ATA D
!

4 0 1
0 2 1

"2
4

4 0
0 2
1 1

3
5 D

!
17 1
1 5

"

AT D
!

4 0 1
0 2 1

"2
4

2
0

11

3
5 D

!
19
11

"

ATA D AT

!
17 1
1 5

"!
x1

x2

"
D

!
19
11

"

ATA 2 ! 2

.ATA/!1 D 1

84

!
5 #1

#1 17

"

ATA D AT

O D .ATA/!1AT

D 1

84

!
5 #1

#1 17

"!
19
11

"
D 1

84

!
84

168

"
D

!
1
2

"

ATA

A D

A D

2
6666664

1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1

3
7777775

; D

2
6666664

#3
#1

0
2
5
1

3
7777775



ATA D

2
664

1 1 1 1 1 1
1 1 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 1

3
775

2
6666664

1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1

3
7777775

D

2
664

6 2 2 2
2 2 0 0
2 0 2 0
2 0 0 2

3
775

AT D

2
664

1 1 1 1 1 1
1 1 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 1

3
775

2
6666664

#3
#1

0
2
5
1

3
7777775

D

2
664

4
#4

2
6

3
775

ATA D AT

2
664

6 2 2 2 4
2 2 0 0 #4
2 0 2 0 2
2 0 0 2 6

3
775 &

2
664

1 0 0 1 3
0 1 0 #1 #5
0 0 1 #1 #2
0 0 0 0 0

3
775

x1 D 3 # x4 x2 D #5 C x4 x3 D #2 C x4 x4

A D

O D

2
664

3
#5
#2

0

3
775 C x4

2
664

#1
1
1
1

3
775

A D O

A m ! n

A D Rm

A

ATA

O
O D .ATA/!1AT

O
ATA 2 ! 2

O AO
AO

A
A D



(2, 0, 11)

(0, 2, 1)

0

b

Ax̂

x3

x1

(4, 0, 1)

!84

Col A

D

2
4

2
0

11

3
5 AO D

2
4

4 0
0 2
1 1

3
5

!
1
2

"
D

2
4

4
4
3

3
5

# AO D

2
4

2
0

11

3
5 #

2
4

4
4
3

3
5 D

2
4

#2
#4

8

3
5

k # AOk D
p

.#2/2 C .#4/2 C 82 D
p

84
p

84 R2

A
p

84 O

A D
A

A D

A D

2
664

1 #6
1 #2
1 1
1 7

3
775; D

2
664

#1
2
1
6

3
775

1 2 A
A

O D ! 1

1 ! 1
1 C ! 2

2 ! 2
2 D 8

4
1 C 45

90
2

D

2
664

2
2
2
2

3
775 C

2
664

#3
#1
1=2
7=2

3
775 D

2
664

#1
1

5=2
11=2

3
775

O AO D O
A O

O D
!

8=4
45=90

"
D

!
2

1=2

"

ATA
O A

A



m ! n A A D
A Rm

A D
O D R!1QT

O D R!1QT

AO D O D R!1QT D QQT

Q A
QQT O A AO D O

O A D O

R O

R D QT

R!1

A D

A D

2
664

1 3 5
1 1 0
1 1 2
1 3 3

3
775; D

2
664

3
5
7

#3

3
775

A

A D D

2
664

1=2 1=2 1=2
1=2 #1=2 #1=2
1=2 #1=2 1=2
1=2 1=2 #1=2

3
775

2
4

2 4 5
0 2 3
0 0 2

3
5

QT D

2
4

1=2 1=2 1=2 1=2
1=2 #1=2 #1=2 1=2
1=2 #1=2 1=2 #1=2

3
5

2
664

3
5
7

#3

3
775 D

2
4

6
#6

4

3
5

O R D QT

2
4

2 4 5
0 2 3
0 0 2

3
5

2
4

x1

x2

x3

3
5 D

2
4

6
#6

4

3
5

O D

2
4

10
#6

2

3
5



A D

2
4

1 #3 #3
1 5 1
1 7 2

3
5 D

2
4

5
#3
#5

3
5 A D

A D
A

A D
O

O

A D

2
4

#1 2
2 #3

#1 3

3
5 D

2
4

4
1
2

3
5

A D

2
4

2 1
#2 0

2 3

3
5 D

2
4

#5
8
1

3
5

A D

2
664

1 #2
#1 2

0 3
2 5

3
775 D

2
664

3
1

#4
2

3
775

A D

2
4

1 3
1 #1
1 1

3
5 D

2
4

5
1
0

3
5

A D

A D

2
664

1 1 0
1 1 0
1 0 1
1 0 1

3
775 D

2
664

1
3
8
2

3
775

A D

2
6666664

1 1 0
1 1 0
1 1 0
1 0 1
1 0 1
1 0 1

3
7777775

D

2
6666664

7
2
3
6
5
4

3
7777775

A A D

A D

2
4

1 5
3 1

#2 4

3
5 D

2
4

4
#2
#3

3
5

A D

2
4

1 2
#1 4

1 2

3
5 D

2
4

3
#1

5

3
5

A D

2
664

4 0 1
1 #5 1
6 1 0
1 #1 #5

3
775 D

2
664

9
0
0
0

3
775

A D

2
664

1 1 0
1 0 #1
0 1 1

#1 1 #1

3
775 D

2
664

2
5
6
6

3
775

A D

2
4

3 4
#2 1

3 4

3
5 D

2
4

11
#9

5

3
5 D

!
5

#1

"
D

!
5

#2

"
A A

A D

A D

2
4

2 1
#3 #4

3 2

3
5 D

2
4

5
4
4

3
5 D

!
4

#5

"
D

!
6

#5

"
A A

A D

A D QR
A D

A D

2
4

2 3
2 4
1 1

3
5 D

2
4

2=3 #1=3
2=3 2=3
1=3 #2=3

3
5

!
3 5
0 1

"
D

2
4

7
3
1

3
5

A D

2
664

1 #1
1 4
1 #1
1 4

3
775 D

2
664

1=2 #1=2
1=2 1=2
1=2 #1=2
1=2 1=2

3
775

!
2 3
0 5

"
; D

2
664

#1
6
5
7

3
775

A m ! n Rm

A



A D O
AO D O O

A

A D O
k # A k % k # AOk Rn

ATA D AT

A D
A

A D
A

A D
A D

A

A D
A

A

O A D
O D .ATA/!1AT

A A D QR
A D

O D R!1QT

A m ! n
Rn A D ATA D

A D ATA

A D ATA D
ATA D TATA D

A D
A m ! n ATA

A
A

A m ! n
A

ATA

A

A

ATA D A
ATA

ATA

A m ! n
Rm

O A O
A

A D
A

x C y D 2

x C y D 4

fykg fykC1g
fwkg

yk D ."k=4/ wk D .3"k=4/

a0ykC2 C a1ykC1 C a2yk D ´k k .8/

k D 0; : : : ; 7

k D 0
k D 1

:::

k D 7

2
66666666664

ykC2 ykC1 yk

#:7 0 :7
#1 #:7 0
#:7 #1 #:7

0 #:7 #1
:7 0 #:7
1 :7 0
:7 1 :7

3
77777777775

2
4

a0

a1

a2

3
5 D

2
66666666664

ykC1

0
#:7
#1
#:7

0
:7
1

3
77777777775

k D 0
k D 1

:::

k D 7

2
66666666664

wkC2

#
wkC1 wk

:7 0 #:7
#1 :7 0
:7 #1 :7
0 :7 #1

#:7 0 :7
1 #:7 0

#:7 1 #:7

3
77777777775

2
4

a0

a1

a2

3
5 D

2
66666666664

0
0
0
0
0
0
0
0

3
77777777775

A D A 16 ! 3

R16

a0 a1 a2

A D p
2=2

p
2=4; 1=2

p
2=4

WEB



ATA D

2
4

1 1 1
#3 5 7
#3 1 2

3
5

2
4

1 #3 #3
1 5 1
1 7 2

3
5 D

2
4

3 9 0
9 83 28
0 28 14

3
5

AT D

2
4

1 1 1
#3 5 7
#3 1 2

3
5

2
4

5
#3
#5

3
5 D

2
4

#3
#65
#28

3
5

ATA D AT

2
4

3 9 0 #3
9 83 28 #65
0 28 14 #28

3
5 &

2
4

1 3 0 #1
0 56 28 #56
0 28 14 #28

3
5 & " " " &

2
4

1 0 #3=2 2
0 1 1=2 #1
0 0 0 0

3
5

x1 D 2 C 3
2
x3 x2 D #1 # 1

2
x3 x3

x3 D 0

O D

2
4

2
#1

0

3
5

O D AO D

2
4

1 #3 #3
1 5 1
1 7 2

3
5

2
4

2
#1

0

3
5 D

2
4

5
#3
#5

3
5

O D k # Ok D 0
A

A
A O A D AO D

A D Xˇ D X
ˇ

x y
y D ˇ0 C ˇ1x .x1; y1/; : : : ; .xn; yn/

y D mx C b



ˇ0

ˇ1

ˇ0 ˇ1 y D ˇ0 C ˇ1x
.xj ; yj / .xj ; ˇ0 C ˇ1xj /

x yj y ˇ0 C ˇ1xj

y y
y

ResidualResidual
Point on line

Data pointy

xjx1 xn

x
y = !0 + !1x

(xj, !0 + !1xj)

(xj, yj)

y D ˇ0 C ˇ1x

y
ˇ0 ˇ1

ˇ0 ˇ1

y y

ˇ0 C ˇ1x1 y1

ˇ0 C ˇ1x2 y2

:::
:::

ˇ0 C ˇ1xn yn

Xˇ D ; X D

2
6664

1 x1

1 x2
:::

:::

1 xn

3
7775 ; ˇ D

!
ˇ0

ˇ1

"
; D

2
6664

y1

y2
:::

yn

3
7775

ˇ0 ˇ1

y Xˇ y Xˇ D
A D

Xˇ
ˇ

Xˇ Xˇ D
ˇ

x y .xj ; yj /



y D ˇ0 C ˇ1x
.2; 1/ .5; 2/ .7; 3/ .8; 3/

x X
y

X D

2
664

1 2
1 5
1 7
1 8

3
775; D

2
664

1
2
3
3

3
775

Xˇ D

XTXˇ D XT

XTX D
!

1 1 1 1
2 5 7 8

"
2
664

1 2
1 5
1 7
1 8

3
775 D

!
4 22

22 142

"

XT D
!

1 1 1 1
2 5 7 8

"
2
664

1
2
3
3

3
775 D

!
9

57

"

!
4 22

22 142

"!
ˇ0

ˇ1

"
D

!
9

57

"

!
ˇ0

ˇ1

"
D

!
4 22

22 142

"!1!
9

57

"
D 1

84

!
142 #22
#22 4

"!
9

57

"
D 1

84

!
24
30

"
D

!
2=7
5=14

"

y D 2

7
C 5

14
x

1 2 3

1

2

3

4 5 7 8 96

y

x

y D 2
7

C 5
14

x

x x x" D x # x x



Xˇ D
X

! ! D # Xˇ

D Xˇ C !

X
!

Xˇ D Ǒ
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D X Ǒ C !
X

! X

.x1; y1/; : : : ; .xn; yn/

P
x D Pn

iD1 xi ;
P

x2 D Pn
iD1 x2

i ;P
y D Pn

iD1 yi ;
P

xy D Pn
iD1 xi yi

y D Ǒ
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0 C Ǒ
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k k2 y

D Xˇ C !

y
y

D C
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